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u = u(Ω) ∈ K :
∫
Ω
∇u · ∇(v − u) ≥ 0 ∀v ∈ K   {
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B(ρ) = {x : |x−O| <
ρ} ⊂ Ω   O `cXYaHJLt
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ΓR = {x : |x−O| = R} @`®Y[H Y[HJLt
LE\dYa_[L khY O




















































uρ = u(Ω) + ρ
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−∆u = 0 in B1(O) \ ωε , u = g on S1(O) , ∂nu = 0 on ∂ωε
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α ∈ (0, 1) 
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uρ ∈ K : a(ρ;uρ, v − uρ) ≥ 0 ∀v ∈ K ,
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uρ = u+ ρ


















kp\ls:`n\qL*\JLE_[kpmxtEkh\J\lfhY%xL pLE_a`2.lLEs=4, L _aL*L*_%YaHJL _[LEkpsJL*_&Y[f/D·E   D ﬀE6  D SﬀE   D yE6  Dn{EzE   D pE   D J{E6  D·pE6 
D·hE@fp_ YaHlL_aLEmnkhYaLEs¦_aL;Xr]lm®YuX fp\ kpXaVdKMj8Y[fhY[`ntMkh\4khmnVWXa`cXfp%LE\JL*_[pV¡]J\4tYa`nfp\4khmcXkh\lsfhﬁ#kh_[`nkhYa`nfp\lkpm
`n\JL;bq]4khmn`®Y[`L;X*¡TWL*m,kps¨gZfq`\dYL
£WY[L*\lXa`fq\lXfpLEmmn`jJYa`ctfpjxL*_uk#Y[fp_uXkp_aL:kp\lkhmnV8XrL;s¦`n\ D UWE6 Dn{SE  RD·hzE6 fp_
jl_afqJmLEKX9@`®Y[HpLEfpKML
Y[_a`ct*kpm=Xr`n\Jp]lmnkp_a`Ya`nLEXEPjJjJmn`ntEk#Ya`nfp\4X,fh&Xa]ltuHkpXaVWK jJYafhY[`ntkp\lkhmnV8Xr`cXﬁY[f:XrHlkpj4L




fq\J`ntEkhm&s8`213L*_[L*\dYa`ckhJ`nmn`®YZVfpXafpmn]8Ya`nfp\4XYafTW`np\Jfq_a`n\J`(jJ_[fpJmnL*K @`YaH _[LEXaj4L;tY Yaf
Y[HJLXrKkpmmjlkp_[kpKML
YaLE_E GﬁHJL¡fpJY[kh`n\JL;s L*£Wj4kh\lXa`fq\fpXafpmn]8Ya`nfp\4XY[f YaHJL¦TW`np\lfp_[`\J`jl_afqJmLEK t*kp\
xL`n\qY[L*_[jJ_[L
YaL;skqX YaHlLN.l_[XrYfp_us8LE_Tﬀ67#5ﬂ:(;&8</> ?ﬀ"?ﬂ"¦`\ YaHlL:XrjJ`n_[`®YLq 4 fhAD VUWE6TWfl 
Y[HJ`cX @ﬁk¨Vp 7@Lt*kh\s8L.l\JLY[HJLY[fpjxfpmnfpp`ct*kpm=s8L*_[`n¨khYa`npL;Xﬁfh@XrfqK LXaHlkpj4L ]J\4tYa`nfp\4khmcX* 4`\lt*m]4s8`\lYaHJL
LE\JL*_[pV:]J\ltY[`fq\lkhm6 8fq_,#kh_[`nkhYa`nfp\lkpmx`n\JL;bq]4khmn`®Y[`L;X*BGffp]l_4L;XZY;GW\Jf@mnLEsJpLYaHJ`cX`cXﬁYaHlLA.l_[XrY,_[LEXa]Jm®Y





















Ωρ = Ω\B(ρ)  ﬀ@`®Y[H YaHJL,XaKkhmnm8lkhmnm B(ρ) = {x ∈ IR2|‖x−O‖ <
ρ} L
£Jt




u(Ωρ) ∈ K(Ωρ) = {v ∈ H1(Ωρ)|v = g on Γ0v ≥ 0 on Γs} Xa]ltuH¦YaHlkhY a(u, v − u) ≥








































































∇w · ∇vdx + ρ2b(w, v) ,   S
a(ρ;w, v)
`nX:sJL .l\JL;s f#pLE_Y[HJL¦s8fqKkh`n\ fp`n\dYaLEp_uk#Ya`nfp\
Ω ⊂ IR2 @`YaH YaHlL¦XrKMfWfhY[H 4fq]J\lsJkp_aV
∂Ω = Γ0 ∪ Γs  ?@`YaH w, v `\YaHlLL*\JLE_aqV:Xrjlkqt
L H1(Ω) J,Ls8LE\JfhY[L
H1Γ0(Ω) = {v ∈ H1(Ω)|v = 0 on Γ0}
kp\lsM\JfpYaLY[Hlk#Y {K(Ω)−K(Ω)} ⊂ H1Γ0(Ω)
 dHlf@%LEpL*_




v ∈ K(Ω) 
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uρ ∈ K : a(ρ;w, v − w) ≥ 0 ∀v ∈ K .   } 
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uρ = u+ ρ
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q ∈ SK(u) = {v ∈ H1Γ0(Ω)|v ≥ 0 on Ξ(u) , a(u, v) = 0}  
L 
a(q, v − q) + b(u, v − q) ≥ 0 ∀v ∈ SK(u) .   z 
  
 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Ξ(u) = {x ∈ Γs|u(x) = 0} 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fq\dYafYaHJLjxfpmnVWHJLEs8_[`ctt*fp\WpL*£ XrL*Y:`\`_[`ntuHlmL*YXrjlkqt
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u0 ∈ K @%Ls8L.l\JL
CK(u0) = {v ∈ V ; ∃t > 0 Xr]4tuH Y[Hlk#Y u0 + tv ∈ K},   {E 


























Ξ = {x ∈ Γs|u0(x) = 0}
@L `\dY[_af8s8]lt*LYaHJLt*fp\JL
O(µ) = µ⊥ = {v ∈ H1Γ0(Ω)|〈µ, v〉 = µ[v] =
∫
v dµ = 0}











TK(u0) ∩O(µ) = CK(u0) ∩O(µ) .   {¨
, Ls8LE\JfhY[L
u0 = u(Ω)
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K ⊂ H(Ω) `cX(jxfpmnVdHlLEs8_[`ntp #YaHlL IkpsJkpKkh_uss8`21xLE_aLE\dYa`ckhmWfhxK L*Ya_[`ntjJ_[fhgZL;tY[`fq\
khY















Π′h ∈ SK(u0) : a(Π′h, v −Π′h) ≥ 〈h, v −Π′h〉 ∀v ∈ SK(u0) ,





















K ⊂ V 4Lkt*fp\WpL*£kh\ls¡t
mnfqXaLEs¡Xa]JlXaL
Yfh@kTI,`nmn4LE_rYXajlkqt
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L*YaLE_
t ∈ [0, δ)   δ > 0  
yt ∈ K : at(yt, ϕ− yt) ≥ 〈ft, ϕ− yt〉 ∀ϕ ∈ K .   {; 
Qfp_[L*f#pLE_E dmnL
Y
yt = Pt(ft) xLkMXrfqm]JYa`nfp\Yaf   {E
  L*Y,]lX\JfpYaLp JYaHlkhYfp_ ft = 0 kp\ls yt = Pt(0)
@L fp8Yukh`n\
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at(·, ·) : V × V → IR 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t ∈ [0, δ)     At ∈ L(V ;V ′) '  
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" L(V ;V ′) .   {S
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′ ∈ V ′
 K ⊂ V 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∀h ∈ V ′ : Π(f0 + εh) = Πf0 + εΠ′h+ o(ε) 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a(ρ; v, v) =
∫
Ω
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K ⊂ H1(Ω)2 
GﬁHJLﬁKML
Y[HJf8sfpxkp\lkhmnV8Xr`cXF`cXﬂYaHlLﬁX[khKMLﬁkpXﬂ`n\Y[HJLt*kpXaLfh3T8`q\Jfp_[`\l`djl_afqJmLEK¡%, LﬁXrY[kp_rY[@`YaH YaHJL



















i, j = 1, 2
 JXa]ltuHY[Hlk#Y
− ﬂﬀﬃ σ = f `\ Ω ,   h 





uν ≥ 0, σν ≤ 0, σνuν = 0 στ = 0 fp\ Γc .   h 
IPL*_[L
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Ωρ
ﬂ`n\ls




i, j = 1, 2
 JXr]4tuHY[Hlk#Y
− ﬂﬀﬃ σ = f `\ Ωρ ,   py
























(λ+ µ)(11 + 22)








































a(ρ; ·, ·) kp_aL
q`qL*\ dVYaHJLL*£8jJ_aL;XaXa`nfp\
























































GﬁHlL t*fp\WpL*£XrL*Y,`nXsJL .l\JL;s`\YaHl`nX,tEkpXaL dV
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uρ = u(Ω) + ρ
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q ∈ SK(u) = {v ∈ (H1Γ0(Ω))2|vν ≤ 0 on Ξ(u) , a(0;u,v) = 0}  
q} 
a(0;q,v − q) + b(u,v − q) ≥ 0 ∀v ∈ SK(u) .    U 
  
Hﬀ"&"&/ﬂ 
Ξ(u) = {x ∈ Γs|u(x).ν(x) = 0}  ﬂ J 9  "  	  	  ﬃ /ﬀ":!ﬃ67"  <"
u ∈ H1(Ω)2 Rﬀ"& u ∈ K  ﬂ  
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Ω ⊂ IR2 YaHJL  khjJmckpt*L LEbd]lk#Y[`fq\











 @%L:sJf\JfhY @ﬁkh\dYYafXrYa]4s8V¦#kh_[`ckhJmnL:s8fpKkp`\lXE Xaf @%L`cXafpmck#YaL Y[HJ`nXHJfpmnL`n\lXr`cs8LMY[HJL:_[`\J
C(ρ,R) = { x | ρ < ‖x‖ < R } kh\4s_[L*jJmckpt*L E(u) WV¡YaHJLMLEbd]J`n#khmnL*\dY L
£8jJ_[LEX[Xr`nfp\f#qL*_ ΩR =



















































































cosn(φ− ψ)] dψ   SS 
fq_,kh\WV






































































































, φ− ψ) dψ.   Sd} 

















































































































































































































log |α|  lXaf)@L Kk¨V
j4kpX[XYaf YaHJLmn`nK `Y @`YaH
r → R fp8Yukh`n\J`n\J






























































































































r → R kh\4sMY[kGd`n\J`\dYaf kptEt
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fq_aK fh,XaLEtY[`fq\lX Y[HJ_afq]JpH Y[HJLXa]J_råkqt
L











































       with double correction 
exact −with singular source term 
boundary of B(R) 
solution obtained via correction 
term in energy − red line 
flat area − position of the hole
solution in the intact





fpFY[HJL_a`n\J4 Js8]JL Yaf Y[HJLXrKkpmm=_uk#Y[`f fhﬂYaHlL_[kqs8``6












       with double correction 
exact −with singular source term 
boundary of B(R) 
solution obtained via correction 
term in energy − red line 
flat area − position of the hole
solution in the intact
 domain − blue line 
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       with double correction 
exact −with singular source term 
boundary of B(R) 
solution obtained via correction 
term in energy − red line 
flat area − position of the hole
solution in the intact
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X`YYa]J_[\lXfq]8YE (Xr`nKM`mckh__[LEkqXrfq\J`n\J Kk¨V4L:tEkh_[_a`nLEsfp]8Y`n\t*kqXrLMfhYaHlL   LEmnkqXZY[`nt*`®YZVXrV8XrYaL*K¡ 
LEpLE\``Yﬁ`cXﬁK]4tuH KMfp_[Lt*fpKMjJmn`ntEk#Y[LEs3ï\khlXaL*\lt*Lfpqfpmn]JKMLPfq_[t*LEXﬁXr]4tuH kMXrV8XrYaLEK HlkpXﬁkfp_[K
µ∆u1 + (λ + µ)(u1/1,1 + u2/1,2) = 0,




u = (u1, u2)
T sJL*\JfpYaLEXPYaHlLs8`cXrjlmnkqt





kpmnXafYaHJL]lXr]4khmB\lfhY[khYa`nfp\ fp_YaHJLXaVWKMK L*Ya_[`ntXrYa_ukh`n\ YaLE\lXrfq_
 = [ij ]
 
11 = u1/1, 22 = u2/2
 
γ12 = 212 = u1/2 + u2/1
kpX @L*mnm=kpXXrYa_[LEX[XYaLE\lXafp_
σ = [σij ]
&GﬁHlL I,fWfGqL X%mck@





∇ · σ(u) = 0.   }$L 



































(1− k)I + 2k






















(1− k)I − k

 x1y1−x2y2R2 − 1 , x1y2+x2y1R2
x1y2+x2y1




 ,   Uh
kp\ls
d = d(x,y) = ‖x− y‖ 













































2 ds ,  
Uh 
@HlL*_[L
α(k, l) = Rk+l+2
∫ 2pi
0
cosk+1 φ sinl φ dφ ,
β(k, l) = Rk+l+2
∫ 2pi
0








α(k, 0) = β(0, k)
kh\ls
α(1, 0) = piR3, α(3, 0) =
3
4
piR5, α(1, 2) =
1
4
piR5, α(5, 0) =
5
8
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kp\lsXrfMfp\FJ]J_aYaHJLE_aKMfq_aLq dmnL
Y
δ1 = 9k ([I1(1, 0)− I2(0, 1)]− [I1(3, 0)− I2(0, 3)]) ,









11 + 22 = I1(1, 0) + I2(0, 1) ,
11 − 22 = I1(1, 0) − I2(0, 1) − δ1 ,














(λ+ µ)(11 + 22)
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I1(k, l), I2(k, l)
kh\4s YaHJLE`_ _afqmL`n\ t*kpmnt*]Jmck#Ya`nfp\fp,XZY[_[kp`\lXKMk¨V xL:L
£W¢





























, Lkh_[L`\dYaLE_aL;XZY[LEs `\k jxfqX[Xr`nJmnV kptEt
]J_uk#Y[Lt*fpKMjJ]8Yuk#Y[`fq\ fp
11 = u1/1(0) = a1,0 ,
22 = u2/2(0) = b0,1 ,









2µ(a2,0 + a0,2) + (λ+ µ)(2a2,0 + b1,1) = 0 ,













µ(6a3,0 + 2a1,2) + (λ+ µ)(6a3,0 + 2b2,1) = 0 ,
























u1 x1 ds = α(1, 0)a1,0 + α(3, 0)a3,0 + α(1, 2)a1,2 + . . .∫
ΓR






I1(1, 0) + I2(0, 1) = a1,0 + b0,1 +
R2
4






11 + 22 = a1,0 + b0,1 = I1(1, 0) + I2(0, 1)  
LS
kqXML









11 − 22 = a1,0 − b0,1.
eB_af8t
LELEs8`n\JXa`KM`nmnkp_amnV:kpXkp4f#qL=@LpL*Y
I1(1, 0)− I2(0, 1) = a1,0 − b0,1 + R
2
4
(3a3,0 + a1,2 − b2,1 − 3b0,3) + . . .   Ldy
kp\ls dV Xr]J4XZY[_[kqtYa`n\J YaHlLLEbd]lk#Y[`fq\lXﬁ`n\
 
Lp 
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l_afqK YaHlLkhxf#pLfpmnmf@,X
I1(3, 0)− I2(0, 3) = a1,0 − b0,1 + R
2
6



























@fp]lmns¦¨kp\J`cXrH= =kqXC@%L Hlk¨pLMXaL*L*\`\ XaLEtY[`fq\t*fp\lt*L*_[\J`\l:YaHlL  khjJmckpt*LL;bd]lk#Y[`fq\= 3ï\ jJ_[kqtY[`nt*Lp =kpX
@LXrH4khmnm=XrLEL_[fpK"\d]lK LE_a`ct*kpmL
£8jxL*_[`KML*\dYuX* WY[HJL*Vkh_[LqL*_[V:XrKkpmm6 8J]8Y,\JfpY,\JL*qm`np`nJmnLp
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, L XaHlkpmm_aL;t*kpmm%HJL*_[L XafpKML:fq_aK]JmckhLs8L;Xat*_a`nJ`n\JY[HJLXrYa_[LEX[XP.4L*mcs kh_[fp]J\4st
`n_[t*]Jmnkp_HJfqmL `\ YaHJL































































φ := φ+ pi2
 

































































φ := φ− pi4
 
σ11 := −σ12 `\   Lpzﬁkp\ls kqsJs4fpYaHXafpmn]8Ya`nfp\lXY[fpqL
YaHlL*_ﬁfp8Yukh`n\J`n\J






) sin 2φ ,
σφφ = σ12(1 + 3
ρ4
r4
) sin 2φ ,














(σ11 + σ22), σII =
1
2








zl{ q`qLEXYaHJL¡Xrfqm]JYa`nfp\ t*fp_[_aL;Xrjxfp\lsJ`\JYafY[HJLpL*\lL*_ukhm%XrYa_[LEX[XP.4L*mcs k#Y
`n\7.l\l`®YZV 
















) sin 2φ ,





































































) cos 2φ .
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zﬀS
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fWfp_us8`n\lk#Y[LXaVWXrYaLEK {er, eφ} kpX`n\¦Y[HJLMmnkqXZY
XaLEt
Ya`nfp\= 3ï\ Y[HJ`cXXaV8XZY[L*K
u = [ur, uφ]




















(u1x1 + u2x2) uφ =
1
R











f = I(1, 0) + I(0, 1), a = I(1, 0)− I(0, 1), b = I(3, 0)− I(0, 3),




ur ds = piR
2 f,∫
ΓR





























f = 11 + 22, a = 11 − 22 + δ1, b = 11 − 22 + (1− 1
9k
)δ1,




























T8`\lt*L_afqK I,fWf$GpL Xmnk@ fpmnmf@,X





















































































(u1x1 + u2x2) ds,
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Ya`nfp\ @LXrH4khmnmXaL*LHJf@ YaHlLfp_[K]lmnkpL fp_XrYa_[LEX[XPt*fpKMjxfp\JLE\qYuXxL*Hlk¨qL`\jl_[kqtYa`ct
Lq PX
kYaLEXrYL*£JkhKMjJmnL @%LY[kﬀGqLYaHlLX[bq]4kh_[Ls8fpKkh`n\
Ω = [0, 1]× [0, 1] s8`cXat*_aL*Ya`n*L;s @`®Y[H {Eq × {Eqq_a`cs
]4Xr`n\Jl`mn`\lLEkh_=.l\J`YaLL*mnL*KML*\dYuX*C3 Y`cX;.J£8LEsfq\
Γ0 = [0, 1]× {0} kp\lsmnfqkqs8LEs @`YaH¦YaHJLYa_ukpt
Ya`nfp\
T = [15, 15]  
khmnm(khÏYaLE__[LEX[t*kpm`n\J khmnfp\J jlkh_aYfp&YaHlL]Jjlj4LE_L;s8pL





 GﬁHJ`cXs8L.l\JLEX Y[HJLjJ_[fpJmnL*K ]Jj Y[f YaHJLjJ_[fpjxfp_aYa`nfp\4khmn`®YZV



































YC@LMHlk¨pLfp8Yukh`n\JLEs¦YaHlLfq_aK]Jmck:fq_ t*fpKMjJ]8Y[`\lXrYa_[LEX[XrL;X k#Yk jxfp`n\dYE 
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, LXaHlkhmnm=tuHJLEtG\d]lK LE_a`ct*kpmmnVp WHJf@ YaHJLKMf8s8`2.4t*khYa`nfp\¡fhYaHJLLEmnkqXZY[`ntLE\JL*_[pVkpmmnf@,X]lXYaf:kpjJjJ_[f¨£W¢
`nKk#Y[LYaHlL`n\7-l]JLE\lt
Lfh@YaHlLXaKMkpmmﬂHJfqmL`n\lXa`nsJLYaHlL s8fqKkh`n\=PGf:YaHl`nXL*\ls @%Lt*fp\lXa`cs8L*_PYaHJLMXakpKML
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Xa`KMjJmnL 	 KMf8s8`2.4t*khYa`nfp\ @LXaHlkhmnmtEkhmnmFY[HJLfq\JLkqXaXa]JKM`\l



















































using singular term 
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